ANALOGUES OF THE GENERAL THETA TRANSFORMATION 

FORMULA 



ATUL DIXIT 



Abstract. A new class of integrals involving the confluent hypergeometric function 
iFi{a;c;z) and the Riemann S-function is considered. It generalizes a class con- 
taining some integrals of S. Ramanujan, G.H. Hardy and W.L. Ferrar and gives as 
by-products, transformation formulas of the form F(z,a) = F{iz,f3), where a/3 = 1. 
As particular examples, we derive an extended version of the general theta trans- 
formation formula and generalizations of certain formulas of Ferrar and Hardy. A 
one- variable generalization of a well-known identity of Ramanujan is also given. We 
conclude with a generalization of a conjecture due to Ramanujan, Hardy and J.E. Lit- 
tlewood involving infinite series of Mobius functions. 



1. Introduction 



For aP = 71, Re a^,/?^ > 0, the well-known transformation formula for the theta 
function ip{q) = J2'^=-oo^^ ' "where |g| < 1, is given by [3], p. 43, Entry 27(i)] 



It can also be written alternatively, for a/? = 1, in the form 



^ n=l ' ^ n=l ' 



In [221 p. 36], one finds the following integral evaluation 



oo 



'^^^\co^xtdt = ^ ( et - 2e-i J^e-'^^'^"" ) , (1.2) 



where is the Riemann S-function defined by 

:=e(i + ^t), (1.3) 

the ^(s) being the Riemann ^-function 

i{s):=\s{s-\)A^Y{ms\ (1.4) 
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and ({s) being the Riemann zeta function (see Section 2). Replacing t by t/2 on the 
left-hand side of fll.2p . then setting x = log a and simplifying, gives for a/3 = 1, 



TT 



S(t/2) 

1 + ^2 



COS ( -t log a 1 dt 



V2/3 ^ 



n=l 



1.5) 



Now the invariance of the integral on the left side of (11.51) under the map a — )■ /3 proves 
(II. ip . Such integrals involving the Riemann S-function, which are invariant under 
certain maps, can be used to prove a variety of transformation formulas. A beauti- 
ful example illustrating this phenomenon is found on page 220 in Ramanujan's lost 
notebook [27], with the first proofs being given in [6j. This formula which Ramanujan 
describes as 'curious' is given below. 



Theorem 1.1. Define 



X(x) := ipix) + logx, 

2x 



where 



ip{x) :- 



r{x) 

Tix) 



-7 



m=0 



m + X m + 1 



:i.6) 



is the logarithmic derivative of the Gamma function. Let the Riemann' s functions H(t) 
and C,{s) be defined as in (II. 3p and (ll.4p respectively. If a and /3 are positive numbers 
such that a/3 = 1, then 



7 — log(27ra) 
2a 



k=l 



7 - log(27r/3) 



1 



JO 

where 7 denotes Euler's constant. 



t r 



2/3 

-1 + it 



k=l 

COS (|tloga) 



l+t2 



dt. 



Ramanujan [26] was the first one to employ the idea of using integrals involving the 
Riemann S-function to prove transformation formulas. After Ramanujan, N.S. Koshli- 
akov made a fruitful use of this technique in several of his papers. Recently, this 
technique was further explored and extended by the author in [21 UHl [HI [12] to obtain 
more general transformation formulas of the form F{z, a) = F{z, /3) or their character 
analogues F{z, a, x) = F{—z, /3, x) = F{—z, a, x) = F{z, /3, x), where a/3 = 1, in addi- 
tion to the transformation formulas of the above type, i.e., of the form F{a) = F{(5). 

This paper focuses on formulas of the type F{z, a) = F{iz, (3), where a/3 = 1. This 
work was motivated by the search for an integral representation, similar to (11.20 . for 
both sides of the following generalization of (11.10 . valid for a/3 = 1 and z G C, 



a 



2a 



e 8 



n=l 



COS 



TTanz) 



n=l 




which is of the form F{z,a) = F{iz,(3). In [21 p. 252-253, Entry 7], this identity 
can be found in a slightly different form. Another version of (11.70 . given in terms of 
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Ramanujan's theta function f{a,b) = a"("+i)/25n(n-i)/2^ |^5| ^ g^^^ y^i^^ f^^. 

a(3 = 71, is [3, p. 36, Entry 20] 



For more details, see [3]. 

Formulas of the type F{z, a) = F{iz, /3) are generated through a one-variable gen- 
eralization of integrals of the form f (|) S (|) cos (^tloga) dt, whose special cases 
were studied by Ramanujan, Koshliakov, G.H. Hardy and W.L. Ferrar. See [9] for some 
examples. This one-variable generalization is of a different kind than those studied in 
[HI [12] in that, the variable z does not occur in the argument of the Riemann S-function 
but rather in a function which generalizes the cos (|tloga) term. This function, which 
we denote by V(x, z, s), involves the confluent hypergeometric function iFi(a; c; z) [H 
p. 188], and is defined by 

V(x, z, s) := p{x, z, s) + p{x, z,l - s), (1.8) 



where 

p{x, z, s) := ''^e » iFi 



1- s 1 z' 



'2' 4 



n=0 



(c)„n! ' 

with {a)n being the rising factorial defined by 



aia + l)---(a + r?, — 1) = 



r(a) 



for a G C. It is easy to see that 



/ 1+Zt\ _it it f 1 

V I «, 0, — - — j = a 2-)-Q/2=2 cos I -t log a 

The general form of the integrals giving rise to transformation formulas of the type 
F{z, a) = F{iz, (3) is given by 

a):= r fil^^i^^via, z, dt, (1.10) 



2J V2. 

where f{t) is of the form f{t) = (j){it)(f){—it) and is analytic in t as a function of 
a real variable. To see this, recall Kummer's first transformation for the confiuent 
hypergeometric function [H p. 191, Equation (4.1.11)] 

iFi(a; c; z) = e^iFi(c — a; c; —z). (l-H) 

Using (11. lip in the second equality below and the fact that a (3 = 1, we see that 

V [p,iz, I = p{lj,iz, I + pU3,iz, 

= (32 2 e-iF^( ——■,-]-—]+ P2 2 e-iFi ' 



4 ' 2' 4 ; ■ " ' n 4 ' 2' 
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a2e 8 iFi — : — ;7:;-r 2e s iFi 



4 ' 2' 4 y ' ' V 4 ' 2' 4 

l-it\ f l + it 
P[a.z, 1 + p I a, z, 

= v(a,z,l±^). (1.12) 

Then f lTTU]) and f lTT^ imply that a) = F{iz,P). 

We exphcitly evaluate the integrals in f ll.lOp for several choices of the function f{t). 
These give rise to new analogues of the general theta transformation formula i \1.7\i . We 
begin by stating the general theta transformation formula itself obtained through such 
an integral. Its extended version is as follows. 

Theorem 1.2. Let z & C If a and /3 are positive numbers such that afi = 1, then 

^ - y e-™'"' cosiV^anz) = - e" V ^ e""^'"' cosh{^ /3nz] 

1 pS(t/2) / 1 + tt 



Wo l + t^ ~ 

(1.13) 

At the end of his short note [I5], Hardy obtained an identity, whose corrected form 
(see for example, [9]), is 

rw^t''^ r" 4^ 4 ^ ^ r *(^^^»-"'"" 

(1.14) 

where n is real and ip{x) is defined in ( II. 6p . 

Later, Koshliakov [211 Equations (14), (20)] expressed the above identity in a com- 
pact and symmetric form, which we rephrase in the following form, valid for a/3 = 1: 

/ (V^(x + 1) - logx) e-™'^' dx= ^/|3 (^(x + 1) - logx) e""'^'^' dx 

This is seen at once by letting n = | log a in fll.l4p and by using the formula [HI 
p. 572, formula 4.333] /q°° e~™^^^ log x (ix = — (7 + log (4a^7r)). Koshliakov also 
proved this identity in several of his other papers, namely, Equation 30.5], [TSl 
Equation 34.100, ^ Equations 18, 19]. He also gave two different generalizations of 
Hardy's formula; one in [TTJ Equation 30.4] and [181 Equation 34.1], and another in 
[T9l Equation 27]. (See [H p. 198-199] for the genesis of the monograph [19] written 
under Koshliakov's patronymic name 'N. S. Sergeev'.) 

Here, we obtain the following new generalization of ( I1.15p . again of the form F{z, a) = 
F{iz,l3). 



^The formula here contains a typo, as the factor ^ log 2ti should be i log tt. 
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Theorem 1.3. Let z E C and let ip^x) he defined as in fll.6p . If a and (3 are two 
positive numbers such that afi = 1, then 

y/ae~& I {%Ij{x + 1) — logx) e~™ ^ cos (^^/^[axz) dx 
Jo 

= v^e"^ / {'ijj{x + 1) - logx) e"''^^''^ cosh [y/iifixz) dx 
Jo 

S(t/2)V(a,z,i±^) 



1 + cosh ivrt 



■dt. (1.16) 



In [13], Ferrar obtained some transformation formulas of the form F{a) = F{/3), of 
which one is rephrased in the form given below. 

Let Kq{z) denote the modified Bessel function of order 0. If a and (3 are positive 
numbers such that a/3 = 1, then 



a 



"7 + log IGtt + 2 log a 



a 

n=l 



^ / -7 + logl67r + 21og/3 _ ^ ^ k, ^ 



4yv4yv2y 1 + ^2 

This also admits the following new generalization, which is the third example of the 
form a) = F{iz, (3). 

Theorem 1.4. Let 2 G C and let Kq{z) be defined above. If a and (3 are positive 
numbers such that a (3 = 1, then 

v/^e* 1^ e-^ cos (^f^ Mnt) - | j dt 



dt 



1 rrfi±£Vfi^WvL..-,i±ii|A. 



2^ Jo \ 4: J \ A J 1 + t 



:i.l8) 



For real n, Ramanujan [25] showed that 
e-"-47re-=^" / — dx = I T ( ) r ( \ cosntdt. 

:i.i9) 



g27rx _ X \ 4 J \ a J \2 
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As noted in [9], letting n = ^ log a in the above identity and noting that the resulting 
integral on the left side is invariant under a — )■ /3, where a/3 = 1, gives 







r ( ^±^^ r ( -^-^] cos ( -tloga ) rfl (1.20) 



47r0r Jo V 4 7 V 4 y V2y V2 

For more details on the first equality in fll.20p . see [9]. Interestingly, this identity does 
not admit a generalization of the form F{z,a) = F{iz,/3), as can be seen from the 
following new generalization of f ll.lQp . 

Theorem 1.5. Let 2; G C and let p{x,z,s) be defined in fll.9p . Then, 

_i _^ , 1 ^ P xe"™'^'' cos (v^ax;z) , 
a 2 e 8 — 47ra 2 e « / ^ dx 

^2nx _ I 







r — ^ — r — - — H - p rft. (1.21) 



3/2 V 4 / V 4 / V2/^V'' 2 



Obviously, the presence of | instead of | in p (a, 2;, ^i^) destroys the invariance 
property under the simultaneous application of the maps a — )■ /3 and z — )■ iz. Regard- 
ing the special case when 2; = of the integral on the right-hand side of f ll.2ip (i.e., 
the integral on the right-hand side of fll.20p ). Hardy says in [15], "The integral has 
properties similar to those of the integral by means of which I proved recently that 
C(s) has an infinity of zeros on the line cr = ^ and may be used for the same purpose." 
It may be interesting to see what information can be extracted from the general integral. 

In [TBI p. 156, Section 2.5], Hardy and Littlewood discuss the following amazing 
identity, actually a conjecture, involving infinite series of Mobius functions having its 
genesis in the work of Ramanujan [H p. 470]. 

Let n{n) denote the Mobius function. Let a and (5 be two positive numbers such 
that a/S = 1. Assume that the series {'^) / C' (p)) o-^ converges, where p runs 

through the non-trivial zeros of ({s) and a denotes a positive real number, and that the 
non-trivial zeros o/C(s) are simple. Then 



M^)„-^ 1 ^r(V) 



-e~^ 7^ > \// 7r2/3P. (1.22) 



n=l * ^ ' p 



The original formulation, slightly different in [T6j, can be easily seen to be equivalent 
to (02]) . See also ^ p. 143] and [291 P- 219, Section 9.8] for discussions of this 
identity. The above conjecture admits the following generalization, also of the form 
F{z,a) = F{iz,f3). 
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Theorem 1.6. Let fi{n) denote the Mobius function. Let z G C and let a and /3 be two 
positive numbers such that a/3 = 1. Assume that the series ^ iFi i^-^', |; '^^Q-^ 

converges, where p runs through the non-trivial zeros o/C(s) and a denotes a positive 
real number, and that the non-trivial zeros of ({s) are simple. Then 



2 

Vaes ) £l^e ^cos - , ^ ^ > iFi ' 



n ^ V n J 40Fv^^ C'(P) 2 '2' 4 J""'" 

^ V^e-^ f: ^e-^ cosh (^) - ^ V '-ffl.F. f i^; i; ^) 

(1.23) 

This paper is organized as follows. In Section 2, we discuss preliminary results which 
are subsequently used in the later sections. In Section 3, we obtain a line integral 
representation for the integral in fll.lOp . Then in Sections 4, 5, 6 and 7, we prove 
Theorems 1.2, 1.3, 1.4 and 1.5 respectively. In Section 8, we give proof of Theorem 
1.6. Finally, we conclude the paper with some remarks on further developments that 
may be possible. 

2. Preliminary results 

The Riemann zeta function ({s) is defined for Re s > 1 by the absolutely convergent 
Dirichlet series 



p 



OO 



m 

m=l 

It can be analytically continued first to < Re s < 1 by an elementary argument and 
then to the whole complex plane, except for a simple pole at s = 1, by means of the 
following functional equation p. 22, eqn. (2.6.4)] 

'r-'r(i)cW = >r-^r(i^)c(i-.), (2.2) 

which can also be written in the form 

e(s) = e(i-s), (2.3) 

where ^(s) is the Riemann ^-function defined in (11. 4p . We also need some basic prop- 
erties of the Gamma function T{s). The reflection formula for the Gamma function 
[2HI P- 46] is given by 

r(.)r(i-.) = -^, (2.4) 

smvrs 

for s ^ Z. Further, Legendre's duplication formula [281 P- 46] gives 

2 22 



Wrl^ + i) =-^r(2s), (2.5) 
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r(s)| = (27r)i|tr-ie-i"l*l (l + o(^] ) , (2.6) 



Stirling's formula for T{s), s = a + it, in a vertical strip a < a < f3 is given by 

1 

as \t\ —7- oo. We will also require the inverse Mellin transform representation of the 
function e~"^ cosbx [25l p. 47, Equation 5.30], valid for c = Re s > 0, and given by 

e-"^'cos6x = / -a'2T [-]e-^iFi[ (2.7) 

2vrW™ 2 ^2/ ' 'V 2 '2' 4a; ^ ^ 

which can be easily proved by employing the series representation of iFi and then 
interchanging the order of summation and integration. Finally, we require the asymp- 
totic expansion, for large values of |A|, of the Whittaker function Mx^^{z) defined by 



p. 1024, formula 9.220, no. 2] 

M^^^{z) = ^^+ie-^/^Fi {^-\ + \-2ii + l-z). (2.8) 
Its asymptotic expansion [HI p. 1026, formula 9.228] is given by 

MxJz) ~ ^r(2/i + l)X-^--iz^'^ cos f2v^ - /ivr - (2.9) 

yTT V 4/ 

as |A| — )■ oo. Letting /x = — ^ and replacing z by z^/4 in fl2.9p and using fl2.8p . we 
obtain, upon simphfication, 

iFi (l - A; i; ^) ~ e^'/^os (v^^) , (2.10) 

as |A| — )■ cxo. 

3. A LINE INTEGRAL REPRESENTATION 

Here we give a line integral representation for the integral in f ll.lOp that will allow 
us to use the residue theorem and Mellin transforms for its evaluation. 

Theorem 3.1. Let 

fit) = (j){ttm~tt), 

where (j) is analytic in t as a function of a real variable. Let V(a;, z, s) and p{x, z, s) be 
defined as in (11. 8p and (II. 9p . Assume that the integral on the left side below converges. 
Then, 

^ f{t)E{t)V (^a, z,^ + tt^ dt = ^ _ Q _ ^{s)p{a, z, s) ds. 

(3.1) 

Proof. Let I{z,a) denote the left-hand side of (13. ip . Then using the facts that 
fit), E(t) and V (a, z,^ + it) are all even functions of t, we have 

I{z, ") = ^ /W2(t) V (^a, z,^ + it^ dt- /(-t)S(-t)V (^a, z,^- it^ dt^ 

= f{t)E{t)V (^a,z,^ + it^ dt 
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^ ^ (^s - Q - ^(s) {p{a, z, s) + p{a, z,l- s)) ds 



2i 
1 

2i 



where 



^ih{z,a) + l2{z,a)), (3.2) 



Ii{z,a) := I [ ~ n) ( n ^ ] 'C('5)p(tt5 z, s) ds 



2 r \2 



hiz, a) := I ^(■5)p(tt, s) ds, 



and in the penultimate step in (13.2p . we have performed a change of variable s = ^+it. 
Now rewriting l2{z, a) by employing (12.31) . and then replacing s by 1 — s, we easily see 
that 

hiz, = ^ ^{\~^^~ ^'')^{^~ ~ ^^P^^' ^) 1 - s) ds, 



s- l^]<p{l^- s]i{s)p{a.z,s)ds 



\-ioo 



= Ii{z,a). (3.3) 

Hence, substituting (13. 3p in (13. 2p . we obtain (13. ip . □ 

For our purposes, we will use the following alternative form of (13. ip . which is easily 
obtained by replacing t by t/2 on the left-hand side of (13. ip : 

/ (t^I - (t^I V f"' 1 dt = -[ (P ( ■'^ - 7?\ (P ( t; - ^(■5)p(a, z, s) ds. 



2 i h 



(3.4) 



4. Proof of Theorem II. 2[ Extended version of the general theta 

TRANSFORMATION FORMULA 

Using (O]), ([H]), (dH), ([LID, dM]) and fl2A0|) . we easily see that the integral on 
the extreme right-hand side of (I1.13P converges. Let (pit) = j^q^ so that = 
(l){it)(j){—it) = -j^T^YJl- Substituting this in (13. 4p and using (II. 4p and (II. 9p . we have 

, r 2(t/2)„ / l + it\ , 
4 / y : V a, z, -—- dt 







l + t2 ' V ' ' 2 



Ji ^ V2/ C(s)p(a,2:,s)cis 

/ r(-)c(.)iFi(^^;-;-j(0Fa)-^rf.. (4.1) 
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To evaluate the last integral, we shift the line of integration from Re s = 1/2 to Re 
s = 1 + (5, 5 > 0, so that we can use (12. ip . Consider a positively oriented rectangular 
contour with sides [| + iT, ^ — iT],[^ — iT,l + 5 — iT],[l + 5 — iT,l + 5 + iT] and 
[l + 6 + iT,l + iT], where T is any positive real number. While shifting, we encounter 
the pole of the integrand at s = 1. Hence, using the residue theorem, we have 



-iT 



1 - s 1 



' 2' 4 



(a/tto;) * ds 



l+S~iT 



+ 



-iT 



1 



+iT 



2 

l+5+iT 



-27r^lim(s-l)r (0C(s)iFi 



r ( 2 ) CishF^ 



1 - s 1 



' 2' 4 



TTO; 



(4.2) 



Using (12. 6p . one easily sees that the integrals on the horizontal segments [| — iT, 1 + 
5 — iT] and [1 + 5 + iT, | + iT] tend to zero as T — i- oo. Also, 



lim(s-l)r [-)as)iF, 



I- s 1 z' 



2 ' 2' 4 



Tca] 



1 

q; 



(4.3) 



Therefore, letting T — )■ cxd in (14. 2p . using (14. 3 p and (12. ip in the integral over [1 + 5 — 
zoo, 1 + 6 + ioo], we have 



r 



l+5+ioo oo 



1+5-ioo 
j^—l J 1+5— ico 



as)iFi 



1 - s 1 z' 



'2' 4 



li^i 



1 - s 1 z' 



'2' 4 



Tran) ds 



1 - s 1 - 



27ri 



a 



27Ti 



— ' (4-4) 



where in the last step, we have interchanged the order of summation and integration, 
which is valid because of absolute convergence. 

Letting a = l,x = y/nan, b = z in (12. 7p . we see that 



l+i5+ioo 



r 



iFi 



1-s 1 z^ 



' 2' 4 



l+(5— ioo 

Now dlT]), (113D and (gS]) imply that 



{^/^an)-'ds = 47r?e-^°'"'+^'/^ cos (y/^anz) 



(4.5) 



H(t/2), 



V a, -z. 



it 



dt 



e 8 



oo 



^e-™'"' cos(v^. 



n=l 



(4.6) 
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Finally, replacing z by iz and a by /3 in f l4.6p . noting that the integral on the left-hand 
side remains invariant in this process, and then combining the result with f l4.6p . we 
arrive at f ll.lSp . 



Let 



' 4^2- 



5. Generalization of Hardy's formula 

kr(i + f)r(^ + f),so that 



327r2 



-r 



1 it 
4+2 



r 



-1 it 
T+2 



4 2 



r 



Applying (12. 4p twice, we easily see that / (|) = 1/((1 + cosh ^Tit). Using these facts 
along with (O]), ([HD, (O]), ([L9]), I^M) and f lrilUj) . we find that the integral on the 
extreme right-hand side of (I1.16p converges. Substituting this in (13. 4p and using ( II. 4p 
and (II. 9p . we have 



H(it) V(a,^,i±^) 



1 + ^2 
1 



cosh ivrt 



dt 



1 



TC 



'(2 



r 



Sm TTS 



-iFi 



1 - s 1 



'2' 4 



' (is, 



C(s)p(a, z, s) ds 
(5.1) 



where in the last step, we used (12.50 as well as ([22 

To evaluate the last integral, we shift the line of integration from Re s = 1/2 to Re 
s = 1 -|- 5, 5 > 0, so that we can use ( 12. ip . Consider a positively oriented rectangular 
contour with sides [| + iT, | — iT], [| — iT, 1 + 6 — iT], [1 + 6 — iT, 1 + 6 + iT] and 
[1 + 6 + iT,l + iT], where T is any positive real number. While shifting the line of 
integration, we encounter the pole of order two of the integrand (due to ({s) and sinvrs) 
at s = 1. Hence, using the residue theorem, we have 



-iT V2 



as) 



smvrs 

l+5-iT pl+S+iT 



1-S 1 Z^ 



'2' 4 



-; — Vvra; 



ds 



\-iT 



+ 



l+&-iT 



1 
2 

l+5+iT 



as) 



SlUTTS 



~' 2'T 



- 27riL, 



' ds 
(5.2) 



where 



L := lim 



d_ 

i ds 
L1 + L2 



as) 



sm TTS 



-iFi 



1- s 



1 Z^ 

' 2'T 



(5.3) 
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where 

:= lim {(, - l)=r (i) (y?a.)--f .F, ( M 

s^i [ V2/ sinvrs as \ 2 2 4 

Using (5.12) from [9], ( Ol) and ([231), we observe that 

s^i ds V V2/ sinvrs^^ 



— lim ;^ ((3 - - l)r(-s)e(s)a-^) 

(-7 + log(47ra2))/(27r«). (5.4) 



Now, 



p ^ ~ ^ ^ ^ _ " 



d ^ fl-s 1 d ^ ((1 - s)/2)„ (zV4)" 



V 2 ' 2' 4 y rfs (l/2)„ n 



^ (.74)" c^-^Vl-s . 



^ (l/2)„n! ds J-l 

n=l ^ ' ^" j=0 

ly. (zV4)" /I- A 1 
2^(l/2).n! ^ 2 )^2-^^l^+j' 



so that 



s^ids V 2 '2'4y 2 s^i^ (l/2)„n! 

(.2/4)" 



2 ^ (l/2)„n 
-^2^2(1,1; 3/2, 2; zV4). (5.5) 



Hence, L2 = ^ ■ 2^2(1, 1; 3/2, 2; z^/A) so that, by ([53]) and ([El, 

= ^ (-7 + log (47ra2) + ^2^2(1, 1; 3/2, 2; z^A)^ 



(5.6) 



As before, using (12. 6p . one easily sees that the integrals on the horizontal segments 
[| — iT, 1 + 6 — iT] and [1 + 6 + iT, ^ + iT] tend to zero as T — )■ 00. Thus it remains 
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to evaluate 

Ji+s-ioo V2/ smvrs V 2 2 A J 
smvrs V 2 2 AJ 

oo 

=:^J(z,a,n), (5.7) 

n=l 

where we have interchanged the order of summation and integration, which is vahd 
because of absolute convergence. Another application of the residue theorem yields, 
for < c = Re s < 1, 



- 5 

pc+ioo Y ii\ n - s 1 z'^\ 

Jc-too sm TTS V 2 2 4 y 



r(|) ^ fl-s_l_z' 



s-^i sin TTS V 2 2 4 



+ 2m hm i^-ilL(ii^F, ( I ^ ) (^^«^ 



-s 



(5.8) 



= — -. (5.9) 



It is well-known that [211 P- 91, Equation (3.3.10)] 

1 r+^°° a;-^ , 1 
/ ds = — — 

2m Jc^iao smvrs 7r(l + x 

Also, from [24, p. 83, Equation (3.1.13)], we have 

— / F{s)G{s)w~^ds= f{x)g{-)-, (5.10) 

^VTi Jc-ioo Jo \X / X 

where F{s) and G{s) are Mellin transforms of f{x) and (^(x) respectively. Hence, from 
(USD, dSSD and ( KWf . we have 

m^pji^.ii\^^^^y.,^^ r £z!£^ (5.11, 

Jc^i^ sm TTS V 2 2 4 y io a; + Vvma 



lini ^^_il£iil,Fi 1; ^ ) (v/^an)-^ = (5.12) 



Also, 

s^-i sin TTS "^"^V 2 '2'4y^'' ^ vma 
Thus, (EHD, flCTD and fl5:T2D imply that 

It \ A-zVi( P e-^'cosxz 

J(z,ra,a) = 4«e^ / -= — dx —\. (5.13) 

V Jo ^ + yT^na 2na I 

Rewriting e"^^/"^ as an integral, we have 

2/ 2 f°° 2 

6"''/^ = ^ / e""" cos xzdx. (5.14) 
V ./o 
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Now IKT3\i along with flSTTij) . flSTjl and ([L6]) give 



J{z, a) = Aie"""^/* ^ j e"^^ cos(x2;) <| — — 7=I~ \ 



coo 

-1,2^2 



1 1 



^ Txa X QQ^[^Q,xz) { } dx 

n X + n 



-Aie'"'^ r e"™'"' cosi^axz) V {— ^ 1 rfx 



n=0 



= -Aie' 1^ / + 1) + 7) e"™ " cos{^axz) dx 

Jo 

^""^^ + y + l)e-™'"' cos(v^aa;z) j , (5.15) 

where in the second step we made the change of variable x — > ^ax and in the third 
step, we interchanged the order of summation and integration, which is valid because 
of absolute convergence. Thus from (15. ip . (15. 2p . (15. 6p and (I5.15p . we have 

- S(|t)V(a,z,i±^) ^^ 
1 + t2 cosh ivrt 

i _£ 



Me^^l^ i + / + l)e-™'^' cos(v^ax2) t/x 



4z \ 2a 



-'-{-1^ log (47ra2) + ^2^2(1, 1; 3/2, 2; ^74)^ | 

= \fae^ / ?/'(x + l)e~™ cos(A/7rQ;a;z) da; 
io 

+ ^ (7 + log (47ra2) + ^2^2(1, 1; 3/2, 2; ^74)^ . (5.16) 

Finally, replacing z by z^; and a by /3 in (I5.16p . noting that the integral on the left-hand 
side remains invariant in this process, and then combining the result with (I5.16p . we 
arrive at 

S(|t)V(a,z,i±^)^^ 



1 + ^2 cosh \Tlt 



^2 2 2 

= \fae^ / i\}{x + l)e"™ ^' co-s.^^fiiaxz) dx 
Jo 

+ ^ (7 + log (47ra2) + ^2^2(1, 1; 3/2, 2; z^A)^ 

= v^e"^ / ip{x + l)e"''^'''' cosh(v/vr/3x2) dx 
Jo 
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+ ^(7 + log(4vr/32)-y2F2(l,l;3/2,2;-zV4)). (5.17) 
We can rewrite fl5.17p in a more compact form by means of the integral evaluation 

2 

e"™'"' cos(v^ax2) \ogxdx = -^ (7 + log (47ra2) + ^-2^2(1, 1; 3/2, 2; ^74) j 

(5.18) 

which can be proved by expanding co?,{y/TTaxz) into infinite series, interchanging the 
order of summation and integration and then employing the following formula [HI 
p. 573, formula 4.352, no. 3], valid for Re > 0, 

/"°° 1 i2n - 1)" r / 1 1 \ 

/ x''—^e-^''\ogxdx = ^f^- H 2 1 + - + ■■■ + - -7 -log 4// 

io 2"/i"+2 L V 3 2n-iy 

along with the fact that 

t ^ (1 ^ ■ • • ^) - -^'^'^^^ 3/2, 2. .74). 

n=0 ^ ^ 

which in turn can be proved by reversing the steps in (15. 5 p and using (II. lip . Combining 
( 15181) with f l5T7D . we obtain ( ITTHD . 



6. Generalization of Ferrar's formula 

Using (OD, dED, dESD, dUD, O and fIZTU]) . we easily see that the integral on 
the extreme right-hand side of (I1.18P converges. Let 0(s) = (| + |) so that 

/(i) = (f ) (^) = (i±^) r (i^). Substituting this in'dM]) and using ( 0|) 

and (II. 9p . we have 



00 







^ , 1 + ^ A -^A s(t/2)_ / i + it\ , 



= 2^ 1^'''^" vr-f (I) r as)p{a, z, s) ds 

= 2^ah-^ (0 r (iy^) C(^)ii^i \; ^) (v^^)"^ rf^, (6.1) 

To evaluate the last integral, we wish to shift the line of integration from Re s = 1/2 
to Re s = 1 + 5, < (5 < 2, so that we can use ( 12. ip . Consider a positively oriented 
rectangular contour with sides [\ + iT, | — iT] , — iT, 1 + 5 — iT] , [1 + 5 — zT, 1 + 5 + iT] 
and [1 + (5 + iT, ^ + iT], where T is any positive real number. While shifting the line 
of integration, we encounter the pole of order two at s = 1 (due to V i}^) and Q{s)). 
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Using the residue theorem, we have 



-iT 



1+S-iT 



+ 



-iT 



2 

l+5+iT 
l+S-iT 



l+S+iT 



1- S 1 



' 2' 4 



(y^a) ^ ds 



rM - r 



1 - s 



l-s 1 



2 ' 2' 4 



27riL, 



(y/na) ^ ds 
(6.2) 



where 



Li + L 



2, 



Txa] 



(6.3) 



with 



Li-.-- 

L2 :-- 



hm 



s-i)^r 
hm <; {s - ifr^ ( - ) r 



2/ V 2 

s\ „ / 1 — s 
2 



2 ' 2' 4 



^ ^ ^ d ^ ( \ — S \ Z^ 

2 / ^ V 2 ' 2' 4 



Now Li can be easily computed, or from [9, Equation (4.12)], we readily have 



(log IGtt + 2 log a — 7) . 



C(^ 



a 



(6.4) 



Also, from (15. 5p and the fact that r(l/2) = we find that 



L2 = - J2F2(1, 1; 3/2, 2; .74) hm |(s - l)^r^ (|) T 



C(^)(v^«)- 



2a 



2^2(1,1; 3/2, 2; .74). 



(6.5) 



Finally, from (16. 3p . (16. 4p and (16. 5p . we have 



^ ^-7 + logl67r + 21oga + ^2i^2(l,l;3/2,2;z74) ) . (6.6) 
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Using (12. 6p . one easily sees that the integrals on the horizontal segments [| — iT, 1 + 
5 — iT] and [1 + 5 + iT, | + iT] tend to zero as T — )■ oo. Thus it remains to evaluate 



7r 

n=l 



1+5— ioo 



00 



--■.^J{z,a,n). (6.7) 



n=l 



Here B{s, z — s) is the Euler beta function given by 

B{s,z-s)= — -c/x = ^> < Res < Re^. (6.8) 



/o (1 + a;)^ r(^ 
Another application of the residue theorem yields, for < c = Re s < 1, 

+ -i"! ^^11) r M 54) (^-; 



— s 



(6.9) 



C~lOO 



From (16. 8p . we have for < c = Re s < 1 

1 r+^~ ^fs i-s\ „ , 2 



5 -, x~'ds = — . (6.10) 



Now using (USD, fl630D and fICTID . we see that 
.c+ioo / 1 p e-^-'cosxz 

(6.11 

Hence, from (16. 7p . (16. 9p and (16. lip , we deduce that 



JU,.) = S.-'He'''*± r^^^^d.-tf!l\ (6.12) 

^ Wo V a;2 + 7ra:2n2 2na; / 
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Substituting f l5.14p in (I6.12p and then employing the change of variable x = at/ (2^/??), 
we have 

J(z,a) = Sn^^'^ie^^'^'^y^ [ e"^' cosx2; ( , ^ ^ — ) dx 

^ p f atz \ f 1 1 \ , 
> / e cos — = = at 



oo 



/ e"— cos — ^ > , \ dt. 6.13 

Now from ^01 Equation 6], we have, for Re 2; > 0, 

n=l n=l ^ V I /J 

From f l6.13p and fl6.14p . we have 

J{z,a) = %Ti^/^ie^^^^ e-'^cos^^^^^ ^-7 + log47r - logt + 2 ^ Ko(nt) 
=: Svr^/^ze^"/^ ( Ji(z, a) + J2{z, a) + Jsl-z, «)) , (6.15) 



where 



dt. 



(-7 + log47r) _^ ( atz\ 

, , , I r f atz\^ 

J2{z,a) := -— J e cos \--j= \ log t dt, 

w X ^ r f Oltz \ ^ ^ TT , , 

h{z,a) := - I 6 4. cos \^-^-j= j \ y^Ko{nt) - — ] dt. 



TT /n \2^/tX I ^ ' 2t 



However, from p. 488, formula 3.896, no. 4] 

-22/4 



Ji(z,a) = ^- — (-7 + log47r) (6.16) 
la 



and by using (I5.18p . we find that 



J2(z, a) = ( 7 + 21oga - logvr + y 2^^2(1, 1; 3/2, 2; ^74) ) . (6.17) 
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Thus, from (EJ]), (ESD, f l6J[5|) . (106]) and flOTll . we deduce that 

-in^/^ah-"^ I -(-7 + log 47r) + - ( 7 + 2 log a - log tt + ^2i^2(l, 1; 3/2, 2; ^74) ) 
[a a \ 2 / 



+ / e"T^ cos ( — ^ V Koint) \ dt 

1 / .2 



. -7 + log 167r + 2 log a + -2^2(1, 1; 3/2, 2; ^74) 
a V 2 



^ ( atz\ , , TT^ 

-leV^v^e s e- - cos J j^^. ^o(nt) - - 



(it. 



so that 



00 



^,l + it\^fl-it\E(t/2)„f l+it\ , 



Vae 8 / e cos 



(6.18) 

Finally, replacing z by and a by /3 in f l6.18p . noting that the integral on the left- 
hand side remains invariant under this replacement, and then combining the result 
with dnHD, we arrive at f lLTSj) . 

Remark. The special case fll.l7p of fll.lSp can be derived as follows. Let 2; = in 
(fTTg]) . Then, 



/oo 22/ 71 \ r°° 22/ 



71 

Yt 



dt 



1 /"""^ /I + it\ ^ /^l -it^^ _ /^t^^ cos (itlog 



4 J \2j l + t2 
(6.19) 

From the invariance of the integral under the map a ^ /3, it suffices to show the 
equality of the extreme left and right expressions in fll.l7p . To that end, observe that 
using (16.1 4p in the extreme left and right sides of (I6.19p and using (I6.16P and (I6.17p . 

we have 



00 



3 / _ / 1 + 2t\ /I - itX _ /t \ cos (itloga) 



/" I 27r 27r ^ \Vt^ + Atv^u^ 2mi I \ 
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2,2 



4v/^|-^ + i^ + i^-V r -^1 ). (6.20) 

^ 4a 2a 4a 4^ Wo Vt^TfiW 2r2a ' ' ^ ' 



n=l 



Employing a change of variable a; = in the formula [T^ p. 351, formula 3.388, no. 2] 

v-l/2 



poo . fllA"' ' 

J {2bx + x^y-^e-f''' dx = i^—j e''"r(z/)i^,_i(6/x) 



valid for | arg6| < vr. Re z/ > 0, Re /i > and then letting ^ = ^11^=^ and b = 27r^n^, 
we observe that 

°° e-'^dt 1 z^.. /vra^n^X 
, = = -e 2 . (6.21) 

Substituting f l6.2ip in f l6.20p and simplifying, we arrive at 

— 7 + log 167r + 2 loga f ^^^n^ /vra^ra^X 1 



a — ' \ \ I na 

n=l ^ ^ ' 

. , ,'l + 2t\ f I — it\ /t \ COS (it loga) , 

47r-2 / r —— r 2 - — ^ t^i- (6.22) 



4 y v2y 1 + 

Now replace a by /3 in f l6.22p and note the invariance of the integral on the right-hand 
side under this transformation. This gives f ll.l7p . 

Since the above steps are reversible, (16.191) is equivalent to (I1.17p . 



dt 



7. Generalization of a formula of Ramanujan 

Let 



00 



4 / V2 



where p is defined in ([L9]). Using ([L3D, dLl, (ILSD, (ES]) and f l230D . we see that 
K{z, a) converges. Converting K{z, a) into a complex integral by the change of variable 
s = and employing fll.Qp and (11. 4p . we observe that 

Kiz,a) = - I Ti^\T(^--)as)pia,z,s + l)ds 

-4a-ie-^ /s + 1\ ^ / s\ ^ / s 1 

= 1 r (—) r (1 - -) r (-) c(.)(v/?«)- 
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(7.1) 



where we used (12 ■4p in the last step. Let T > be a real number. Using the residue 
theorem, we have 

iT Ji+5-iT Ji+s+iT sm^vTs V 2 / V 2 2 4 ^ 



2 

- 27rzL, (7.2) 
where 

L := iim(s - i)C(^)-Vr f ^) li^i I; ^) (v^«)- 

s-s>i sm ^TTS \ 2 J \ 2 2 A J 

As before, using (12.61) . one easily sees that the integrals on the horizontal segments 
[| — iT, 1 + 6 — iT] and [1 + (5 + iT, | + iT] tend to zero as T — )■ oo. Thus it remains 
to evaluate 

J{z, a) 



l+(5+ioo 



sm ^TTS \ 2 J \ 2 2 4 J 



l+<5-ioo ^ii^ 2 

^Ji+5_ioo sm2vrs V 2 y V 2 2 4 / 



oo 

=:^J(z,a,n) (7.4) 

n=l 

for < 5 < 1. Note that shifting the line of integration from Re s = 1 + 5 to Re s = c 
does not introduce any poles. 

Now (14. 5 p is valid for < 5 < 1. Replacing s by s + 1 in (14. 5 p and letting x = y/nan, 
for < c = Re s < 1, we have 

+ 1. ^ 47rzxe--'+^'/^cosx^. (7.5) 

Also, from (15. 9p . we easily see that for < (i = Re s < 2, 



d+ioc 

TT 



— x-^rfs = — (7.6) 



2vri Jd.ioo sin iyrs 1 + x 
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Hence from flS.lOp . (17. 5p and (17. 6p . we see that for < c = Re s < 1, 



,2 



J{z,a,n) = S-Kie ^ j ^dx. (7.7) 

1 + i^^anjx) 



Thus from ([72]), (IZ3]), (1131) and (EH) 



oo 27r3/S „ / 1 1 ^2 



7^(2;, a) = 4zq; "^e « ( Svrie * >^ / 2 '^^ 1-^1 1 ^775 TTi 

n=i-^o 1 ■ ' ^ 



3 _\ _ zf 



e C0SX2; 

^ t2^^2 a' M 2' 2' 4 



n=l 







^ae'^ jT" t^g-™'*' cos (v^at^) ||fj ^ 



^7rta-te~^ | 4aeT / t^e"™''' cos (Vvrat^) | > ; ^ ^2 ] ~ ^^^^ (~^'^' 

(7.8) 



For t 7^ P p. 191], 

-^l_7r/l 

n=l ^ ^ 

Substituting (I7.9P in (17. Sp . we see that 

N 3 _i _£/ £ /•°° te-™'*' cos (v^atz) , ^ £ r -nah^ 1 r- ^ 

i^(z, a) = -87r2a 2e s I 47rae 4 / -dt-2aei / e cos (vvratz) 

V Jo e — 1 Jq 

2 /'OO Z' 1 1 2 

+ 27rae^ / te"™'*' cos (v^ate) c/t iFi I — , -; - 

Jo ' a \ 2 2 ' 



(7.10) 



But from [H p. 488, formula 3.896, no. 4], 



,2 



e"™'*' cos i^atz) dt = (7.11) 

2a 

Also, from p. 502, formula 3.952, no. 2], we have for a > 0, 

xe- cos(ax) c^x = — - — ^^-^ - (7.12) 



2p2 (2A; + 1)! Vp, 

However, this formula holds for any a G C Hence, letting a = ^J^iaz and p = -y/vra in 
(I7.12p . simplifying the right-hand side, and then using (II. lip , we have 

I te— * cos {^atz) dt = ^^,F, (^--, -; - j . (7.13) 
Substituting fTm]) and (1713]) in flTrTO]) . we have 



.2 



~ te"™ * cos (0Fat2) 
e2^* - 1 



K{z,a) = -87T2a « \ Anae t / ^ dt - 1 ] . (7.14) 
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Finally, substituting fl7:T4|) in I^J^j, we obtain 
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8. Generalization of the Ramanujan-Hardy-Littlewood conjecture 

The approach here is similar to the one used by Hardy and Littlewood in [16] and 
so we will be brief. Shifting the line of integration from Re s = 1 + 5, where 5 > 0, to 
— l<c = Res<Oin the integral on the left-hand side of f l4.5p and replacing n by 
1/n, we have 

L ' (2) {—■■ -2- t) {^) - ''-^ [^'^ (V) - 

(s.i) 

Note that one version of the prime number theorem reads Yl'^=i ~ 0- Using these 
two facts in the calculation that follows, we have 




where we interchanged the order of summation and integration, which is valid because 
of absolute convergence, and we replaced Xl^^i /^(^)^~''^~*'' ^y 1/C(1 ~ s) since Re 
1 - s > 1. Using ([22]) in ([82]), we have 

V^e^V^e-^cosfv^U^ p£iM,F,f^^ f^V 

(8.3) 

We want to shift the line of integration from — 1 < c =Re s < to Re s = A, A G (1, 2), 
so that we can use the series representation ^,^1 /^(^)^~'^ for l/({s). Consider a 
positively oriented rectangular contour formed by [c — iT, A — iT], [A — iT, A + iT], [A + 
iT, c + iT] and [c + iT, c — iT] , where T is any positive real number. In the shifting 
process, we encounter the non-trivial zeros of C{s). Hence upon the application of the 
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residue theorem and assuming that the non-trivial zeros are simple, we get 



X-iT /"A+iT pc+iT 



+ 

c-iT J X-iT JX+iT . 



r(¥) . f^-si.z 



v2 



iFi — — ; -; - ^ ds 



a 



C{s) ^ ^ V 2 '2' 4; Vv^ 

r(¥) . A-^i.^ 



-2.._E^.,„j(.-,)4^.F.(_;,;-)y . (8.4) 

Let T — )■ 00 through values such that |T — 7I > exp (— y4i7/ log 7) for every ordinate 7 
of a zero of Ci.^), where Ai is a positive constant. From |29i p. 218, Equation (9.7.3)], 

log|C(a + ^t)| > ^ log|t-7|+0(logt). 

|t-7|<l 

Hence for c < a = Re s < A, 

log|C(a + ^r)| > - ^i7/log7 + 0(logT)>-A2r, 

|T-7|<1 

where ^2 < vr/4 if is small enough, and T > Tq. This along with (12. 6 p and (I2.10p 
implies that the integrals along the horizontal segments [c— iT, X—iT] and [A+iT, c+zT] 
tend to zero as T — )■ cxo through the above values. It remains to evaluate 



00 

: /i(n) 7(2;, a, n). (8.5) 



n=l 



Employing the change of variable w = 1 — s in the integral in J{z, a, n), for —1 < A' 
Re w < 0, we have 



J{z, a, n) = / r 



(f).-'(- 



r hr li^i 





— UI 




dw 


an J 




z^^ 


)(- 


' 4 


/ \ an 



a"- A'-ioo ^2/ V 2 2 
^'■"''■«^e-#cosh(^)-iy (8.6) 



n \ \ n 



where in the penultimate step, we used (II. lip and in the last step, we used (18. ip with 
z replaced by iz and a replaced by /3. Thus letting T — )■ 00 in (18. 4p and combining 
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with (El, (ES]) and ([HI]), we obtain 



vae 4 2^ e ^ cos I - 

n=l ^ ^ 



n 



^ n V V n 2^?^ C (P) V 2 ' 2' 4 AV? 



Using the prime number theorem again, we have 

Vae 8 > ^—^e ^ cos ] — y pe » } ^—^e ^ cosh 

n=l ^ ^ n=l 

^r(V) ^ A-P 1 



n 



We have not shown the convergence of the series in the above equation in the ordinary 
sense, but rather only when the terms are bracketed in such a way that two terms for 
which 

|7 - 7'| < exp (-A17/ log 7) + exp (-A177 log 7') 

are included in the same bracket. Replacing a — )• /3 and z ^ iz m. (18. 7p . simplifying, 
and using (18. 7p again, we easily see that 




2 

"+2v/?v^^ C'(P) ^ 2 '2' 4^ ^ 



Thus (18. 7p and (18.81) give (I1.23P upon simplification. 

9. Concluding remarks 

The integrands of all the integrals that we have considered here are not only con- 
tinuous functions in both variables t and z but also analytic in C as a function of z 
for each fixed value of t. Since all of these integrals converge uniformly at both limits 
in any compact subset of C, from j28| p. 31, Theorem 2.3], we find that each of these 
integrals is holomorphic in C as a function of z and that their derivatives of all orders 
may be found by differentiating under the sign of integration. This way, we can obtain 
many more transformation formulas or identities. 

In this paper, we have focused on the generalization of the integral / (|) '^{'t) cos (|t log a) dt, 
where we generalized cos (^t loga) by making use of the function z, s) consisting 
of the confluent hypergeometric function. In [26], Ramanujan introduced the integral 



00 







^ , ~ ^ , it\ ^ / z — 1 — it\ ^ / t + iz\ _ ft — iz\ cos at 



where Re z is not an integer and /i is real, and expressed it in terms of another integral 
in each of the regions Re s > 1, — 1 < Re s < 1 and — 3 < Re s < —1. See also [TOl 
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Theorem 1.2]. In [TT], we examined the following general integral, with r/ G C, 

It seems natural then to generalize the above integral by introducing in it a similar 
generalization of cos (^t log a) that we have utilized in this paper. Thus, replacing 
cos (^tloga) in (19. ip by either p (a, z, ^-t^) or its variants like p (a, (as in The- 

orem [13]) should lead to a generalization of the integrals in (19. ip . The substitution 
p (a, z, will generate formulas of the type F{ri^ z, a) = F{r], iz, (3), where af3 = 1. 
Also, it looks plausible that either the substitution p (a, z, or p (a, z, ^-j^) should 
generalize Theorem 1.2 in [10] found by Ramanujan. However, in both cases, the asso- 
ciated inverse Mellin transforms are difficult to evaluate. Our search in this direction 
did not lead to any particular nice example. Further efforts, however, may be fruitful 
and may result in beautiful and more general identities, for example, a generalization 
of the extended version of the Ramanujan-Guinand formula [HI Theorem 1.4]. 

Another possible direction of generalizing the transformation formulas resulting from 
the integrals of the form f (|) S (|) cos (|t log a) dt may be to replace the function 
p{a, z, s) used in this paper with an analogous one which involves the hypergeometric 
function 2-F2 instead of a iFi. This is because of the following Kummer-type transfor- 
mation that exists for a 2-^2 [231 Equation 4]: 

2F2 (a, c+l;b, c; x) = e'^2i^2 (6 - a - 1, / + 1; 6, /; -x) , 

where 

^ _ c{l + a-b) 
a — c 

In fact, a Kummer-type transformation also exists for the generalized hypergeometric 
function pFp{x) [22] Equation 4.2]. 
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